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Abstract
[bookmark: _GoBack]The article discusses the issue of certainty of mathematics through the lens of two epistemological problems: the skeptical argument and Gettier cases. Regarding practical or applied mathematics mathematical knowledge is vulnerable to both: the skeptical hypothesis and the Gettier problem, therefore, the pure absolutist view seems to be irrelevant. Nevertheless, the former problem does not afflict pure mathematics under the light of anti-luck epistemology. Thus, a common intuition that pure mathematical knowledge exhibits a degree of certainty that exceeds analogous parameters of other scientific activity is plausible.

Philosophy of mathematics may ask about the origin of its object. Mathematical knowledge underpins almost any other field of human activity; therefore we want to be sure of the epistemic value of mathematics. But no clear agreement exists among mathematicians about the substance of their interest. We see the debate of ‘discovery’ vs. ‘invention’ of mathematics in Ernest (2016b).  He describes two possible approaches: absolutist vs. fallibilist views. “The absolutist view of mathematics sees it as universal, objective and certain, with mathematical truths being discovered through the intuition of the mathematician and then being established by proof” (ibid, 2016b: 1). On the other hand, fallibilists assert that mathematics is a matter of evolution, it is invented and affected by changes; therefore mathematics is fallible. 

Unsurprisingly, a similar dilemma arises between logicians. By the same token, we can proceed in the conversation about existence of ‘first principles’ in the Theory of proof vs. provable knowledge (Corcoran, 1989). Corcoran argues that foundationalism in Logic is attributed to Aristotle, Pascal, and Frege “which presupposes universally knowable ‘first principles’ as the ultimate premises for all propositions proved to be true” (Corcoran, 1989: 23). He lists Russell, Tarski, and Popper as proponents of the opposite view called ‘probabilism’: that all our knowledge is just tentative. 

Unfortunately, a very broad range of terms has been used by philosophers of science to map the above dichotomies. One can assert that he/she is a realist while she does not belong to the absolutist's camp.

Let’s consider Putnam's approach: "I advocate the following very simple and elegant formulation of realism: A realism, with respect to a given theory or discourse, holds that (1) the sentences of that theory or discourse are true or false; and (2) that what makes them true or false is something external" (Putnam, 1975: 531). While we can perceive relativism as an antithesis for absolutism, a proponent of realism may stay in the midst of the conversation. Let us turn to mathematics. It is а common agreement among mathematicians that mathematical knowledge has a sufficient degree of certainty. The problem of certainty in mathematics unfolds along dimensions. First, how can the problem be located in a broader field of Epistemology? Second, what criteria can accommodate the insight that mathematics is more certain (even if fallible) than any other humans activity?

My proposal is to consider the above issues through the lens of Epistemology. Even if an epistemological case may seem ridiculous for a mathematician, we can obtain an insight on the question of correlation between some knowledge and mathematical knowledge.

Contemporary Epistemology, at least, an analytical epistemological project that concerns propositional knowledge, struggles with several issues. Epistemologists encountered two broad problematic areas aiming to define necessary and sufficient conditions for ‘S knows that p’. The problem roots in Plato’s dialogue Theaetetus (Nawar, 2013) since which we have a defined knowledge known as justified true belief (JTB).

The first crucial challenge is a skeptical argument. For the sake of simplicity, we will not consider subtle traits of this argument but provide a frame for the skeptical problem:

Roughly, a hypothesis is “skeptical” if (a) its truth is inconsistent with some propositions we ordinarily take ourselves to know, and yet (b) the hypothesis is compatible with all our experience in favor of those ordinary propositions. To illustrate, consider the following brain-in-a-vat version of the skeptic’s argument: 
1.    I don’t know that I am not a handless brain in a vat.
2.     If I don’t know that I am not a handless brain in a vat, then I don’t know that I have hands. 
3.    Therefore, I don’t know that I have hands. 
(Hannon, 2016:2)

It is worth to note that skeptics do not assert that we are really ‘brain-in-a-vat’ in any sense, but they challenge our confidence saying that we cannot prove that we are not ‘brain-in-a-vat.'

The second challenge is the Gettier cases. Since Gettier (1963) wrote his paper, we came to understand that JTB is the only necessary condition for knowledge. The problem arises because of a reasonable presupposition that knowledge cannot be a matter of luck. Some examples of well-known Gettier cases are:

You come to believe what the time is by looking at the clock in your kitchen. Usually, this is a very reliable clock. Suppose the clock stopped. You come to the kitchen one morning at exactly 9 o'clock. Suppose the clock stopped exactly twenty-four hours earlier and you do not know about it. Therefore, if you look at the clock, you have a justified belief that it is 9 o'clock. Do you know what time is it? You cannot know the time by looking at a stopped clock. Therefore, it is just a matter of luck that your belief is true (Bogardus, 2012).

A farmer looks into a field through a window. He sees what looks very much like a sheep. Nevertheless, it is not a sheep. He is looking at a big hairy dog. It just so happens that, at that moment, there is a sheep hidden from to a farmer's view behind the big hairy dog. Does he know that there is a sheep in the field?

There is a general scheme for constructing a Gettier case. You take a belief which is justified but where ordinarily the belief would be false. Moreover, you add to the case a matter of luck, which makes your belief true (Zagzebski, 1994).

My goal is to discuss the existence of a possible correlation between mathematical knowledge and the above epistemic problems. In other worlds, is mathematics, as a part of human knowledge, afflicted by skeptic argument and Gettier case?

If we take the theory of the origin of mathematics as a cultural product that, therefore, is more or less certain (Ernest, 2016a), then we need to understand the boundaries of mathematical certainty. It is worth noting here that we do not need to clarify the problem of the origin of mathematics, but we can use the issue as our premise.

First of all, let us consider the term of ‘mathematical knowledge.' It seems that mathematics deals exclusively with propositional knowledge: theorems, lemmas, etc. But the case could be more complicated:

 …[T]his work treats four forms of knowledge: propositional, objectual, operational, and expert. Each instance of the first three (propositional, objectual, and operational knowledge) can involve instances of one or both of the other two. The paradigm case of the fourth—expert knowledge—is the knowledge possessed by an active qualified practitioner—the medical knowledge possessed by a physician or the mathematical knowledge possessed by a mathematician. A person’s expertise includes their experience—practical and theoretical. Moreover, it involves all of the other three kinds of knowledge. Perhaps most importantly, experts know the limitations of their own expertise. Typically, the expert has a stock of unsolved problems and unsettled hypotheses to be investigated. In fact, the hallmark of the expert is the ability to call to mind open questions, or hypotheses, propositions not known to be true and not known to be false. 
(Corcoran and Hamid, 2014: 5)

Thus, we will consider mathematical knowledge as a set of justified true beliefs where the process of justification involves an expert’s cognitive agency. A set of premises is employed: propositions are known to be true, propositions are known to be false, and propositions are not known to be true or false. The ‘mathematical know-how’ is wired to be the process of proof and verification.

Note that epistemology concerns propositional knowledge that "S knows that p" but we have turned to the problem that "S knows-how p". Nevertheless, epistemology is conscious of a risk of circular definitions. Such analysis can be informative (Pritchard, 2016a).

The case that the skeptical argument poses seems to be obvious. We have no way to defend our mathematics from a whimsical epistemic demiurge. We cannot prove that there are no first universal logical principles that are used for the ‘mathematical know-how’; we cannot be sure that there is a set of first propositions from which follows all logical and mathematical truth. In the case of an expert’s cognition process in the field of mathematics, the situation becomes worse: “Cognition fulfills an ideal only approximated by other knowledge—just as mathematical circles fulfill an ideal only approximated by certain visible shapes, we nevertheless also call such visible shapes circles” (Corcoran and Hamid, 2014: 6)

Of course, the objection that mathematics perfectly fits our human needs is still relevant. But the very problem of Plato’s cave is on the table. Since I admit that an epistemic demon can undermine even one knowable proposition I am not sure that the others are true; I am not sure that I am not 'brain-in-a-vat'.

Nevertheless, it is useful to speculate around the skeptical argument in mathematics. For example, we can suppose that origin of mathematical concepts is rooted in other disciplines. Could it be the case that the beginning of geometry lies in every child’s first experience of discerning spatial entities: ‘me’ and ‘not me’? We may even recognize that it resonates with the Kantian argument about a priori state of comprehension or contemplation of space and time. However, the debates are not ended yet; the skeptical epistemic argument entails tentativeness of mathematical knowledge. It seems inevitable that we have to abandon the robust absolutism.
If we lose an absolute does it mean that there is no truth at all? A proponent of social constructivism rightly critiques the absolute approach being that mathematics is "...less than a body of absolute objective knowledge"(Ernest, 2016b:3). But considering the core of the critique leaves doubt about the degree of certainty that constructivism allows for mathematics. For example, Ernest (2016a) exhibits several objections. (1) Mathematical knowledge is not a set of true propositions: a set of true axioms 'A' entails a set of true theorems T; rather it is the set of true implications (A⇒T) where A and T are only models of reality. But it is not unquestionable why the epistemic value of the latter is less than the former. (2) Mathematical proofs are varying. Even if the proofs should contain a ‘eureka’ experience the objections bring us back to the skeptical argument since a knower is the essential part of knowledge. (3) Gödel's theorems threaten the consistency of mathematics. Nevertheless, it could be the case that they broaden our understanding of mathematics. A theory will inevitably demand a meta-theory. If I cannot know all truths it does not undermine the epistemic value of truths already obtained. 

It would be worthy to add a link to the well-known Khun's theory of science for the purpose of undermining the argument that mathematics is only a very special conversation among mathematicians (Ernest, 2016a). We need to assume here the existence of two objects: pure mathematics and practical mathematics. The difference is rather intuitive. Nevertheless, we may say that (1) pure mathematics is a set of theories such as A entails T (A is a set of axioms, T is a set of theorems, an entailment is know-how); (2) practical mathematics is an activity that involves pure mathematics in order to correlate a set of facts in the world with A and T.

There is a hypothesis that mathematics is afflicted by paradigm shifts as any other science. For example, Corcoran argues that there was the "Thalesian Revolution in geometry" (Corcoran, 2007: 1). I suppose that since we discern pure and practical mathematics, we can see that they behave differently. Practical mathematics contains methods for correlation with particular facts; therefore a paradigm shift can evaporate a whole area of practice due to developing new methods. Pure mathematics only broadens its body through a shift. A new mathematical theory does not eliminate the truth value of the old one. Non-Euclidean geometry does not negate the truth value of Euclidean geometry even if we are not able to find a perfect plate in the Universe. Perhaps the second epistemological challenge can shed light on the above phenomena.

Thus, could a mathematician be ‘gettiered’? 

Pritchard (2016a) provides a definition of knowledge containing an interrelation between two conditions. The first is the anti-luck platitude: one's true belief is not a matter of luck. The second is the ability platitude: "...one's cognitive success is attributable in some significant way to one's cognitive agency..." (Pritchard, 2016a: 3). Those platitudes do not entail each other via "the phenomenon of epistemic dependence, where this means that extent to which knowledge dependent upon factors (over and above the truth of the target belief) out with one's cognitive agency" (Pritchard, 2016a: 5). The precise, subtle game of the above conditions for knowledge is beyond the scope of the text. It would be sufficient to note that epistemologists consequently try to spouse the ability condition with a ‘safety condition'. The safety condition is a family of theories that count that S's true belief has to be, "in some important sense, safe" (Bogardus, 2012:1). Note that safety of knowledge can be undermined by factors that are external for an agent. 

 “It often so happens that a fallacious chain of reasoning is found in an argumentation whose conclusion actually follows from its premise set. The idea that an argumentation is cogent if its conclusion follows from its premise set is a species of the process/product fallacy; thinking that a process must be correct if it results in a correct product. The point is familiar: it is possible to obtain correct results using incorrect procedures – either by making compensating errors or by some other means” (Corcoran, 1989: 26). The above incorrect chain of reasoning eliminates under the ability condition for knowledge. Even if a fallacious chain of reasoning results in a true proposition, one should remember that mathematical knowledge is an expert’s judgment. Thus, mathematical knowledge includes the chain of reasoning and preserves its truthfulness. 

The safety condition is a riddle in Epistemology. There are many forms of the condition (Pritchard, 2005; Sosa, 1999; Hawthorne, 2004, etc.). For instance, Pritchard (2016b) proposes to consider a range of modally 'near by' close possible worlds to the actually one. Unfortunately, the concept of closeness has undesired consequences. We may build such cases as doubt in one's ability of "...playing piano when one could so very easily be underwater (but isn't)..."( Pritchard, 2016a: 2). Bogardus (2012) even argues that we need to abandon the safety condition because of a risk that any knowledge is under threat: something could happen but didn't, therefore one's true belief is unsafe. I assume that the world where 'something could happen but didn't' and a world where 'something making one's belief luckily true has happened' are not 'near by'. The latter is too close to the skeptic hypotheses. The former in turn seems to fit Zagzebski's account (1994).

If we consider the scheme for the Gettier case (Zagzebski, 1994), then we note that the Gettier problem is connected with a matter of luck that inflates unknowingly and therefore independently of the agent’s perception. In the case of practical mathematics, we have to admit that mathematical knowledge is afflicted by epistemic luck. I may imagine that an agent came to believe that the theory of probability is irrelevant because she had thrown a fair coin 1000 times and obtained 1000 tails. Any possible isomorphism between a model and actual world is a matter of Gettier case. It is not the case for experts in pure mathematics because pure mathematics itself does not include a probabilistic behavior of its theorems and lemmas. We do not assert something like: ‘this theorem seems to be proved with a probability of 0.9.' Of course, it does not mean that pure mathematics cannot be a matter of human errors. But we noted before that incorrect reasoning is eliminated by the ability condition or know-how that is essential for pure mathematical knowledge. 

Perhaps, it would be worthy to deepen the preceding consideration through epistemic “contextualism” (Hannon, 2016), that tries to deal with the skeptical argument: a degree of mathematical certainty can obtain clear forms in the contextualist’s term of ‘low-high epistemic standards for knowledge’ for an agent. Detecting the contingency of skeptic and Gettier arguments will shed light on the restrictions of pure reasoning. This ambitious task is for the future.

One of the first proposed approaches to deal with the Gettier problem is ‘No False Lemmas.' “According to one suggestion, the following fourth condition would do the trick: S's belief that p is not inferred from any falsehood” (Ichikawa and Steup, 2014: 7). The above approach does not fulfill the epistemological task because it excludes a wide range of every-day knowledge: Usually, we do not scrutinize folk knowledge for the purpose of catching smuggled premises. But indeed, if we understand the condition ‘No False Lemmas’ in the case of an expert’s mathematical knowledge that is ‘know of,' ‘know-how,' etc., then we obtain a vaccine against the Gettier problem for pure mathematics.

The conclusion from the consideration of two epistemic lacunas concerning mathematics provides some amount of serenity for a mathematician who likes to believe in the objectivity of his knowledge. Even if mathematics (pure as well as practical) is vulnerable to skeptical hypothesis, it partly remains chaste under the the Gettier argument. The set of sentences such as (A entails T) where entailments are mathematical ‘know-how’ does not suffer from external epistemic luck and is therefore epistemically safe till we do not project A and T on particular events. This makes pure mathematics a bit sterile, but it is an inevitable price for escaping the impact of an epistemic demiurge.
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